starting point; we accept without change the form of the Diagonal Model and most of Sharpe's assumptions.
Use of the Diagonal Model for portfolio selection implies departure from equilibrium in the sense of all investors having the same information (and appraising it similarly)-as, for example, is assumed in some versions of the Capital Asset Pricing Model. The viewpoint in this paper is that of an individual investor who is attempting to trade profitably on the difference between his expectations and those of a monolithic market so large in relation to his own trading that market prices are unaffected by it. Throughout, we ignore the costs of buying and selling. This makes it possible for us to treat the portfolio-selection problem as a single-period problem (implicitly assuming a one-period utility function as given), in the tradition of Markowitz, Sharpe, et al. We believe that these costs are often substantial and, if incorporated into this analysis, would modify certain of our results substantially.
D E F I N I T I O N S
Following Lintner, we define the excess return on a security for a given time interval as the actual return on the security less the interest paid on short-term risk-free assets over that interval.
A regression of the excess return on a security against the market's excess return gives two regression factors. The first is the market sensitivity, or "beta," of the security; and, except for sample error, the second should be zero. We define the explained return on the security over a given time interval to be its market sensitivity times the market's excess return over the interval.
We define the independent return to be the excess return minus the explained return. The independent return, because of the properties of regression, is statistically independent of the market's excess return. Our model assumes that the "independent" returns of different securities are almost, but not quite, statistically independent. The "risk premium" on the ith security is equal to the security's market sensitivity times the market's expected excess return. Symbols for these concepts are defined as: We call the first the "appraisal premium" for the ith security, and the second, the "market premium." If one defines the "explained error" in a security's return as the explained return minus the risk premium, and the "residual error" as the independent return minus the appraisal premium, the structure of the model described above can be summarized in the following way: for all i, j. As noted above, these relationships can hold only approximately. The return on a security over a future interval is uncertain. This paper shares with Markowitz the mean-variance approach, implying normal return distributions. There is fairly conclusive evidence that the distribution is not normal, but that its behavior is similar to that of a normal distribution, so the model assumes a normal distribution as an approximation to the actual distribution. The qualitative results of the model should not be affected by this approximation, but the quantitative results should be modified somewhat to reflect the actual distribution. However one defines "risk" in terms of the probability distribution of portfolio return, the distribution, being approximately normal, is virtually determined by its mean and variance. But under the assumptions noted here (finite variances and independence) the mean and variance of portfolio return depend only on the means and variances of independent returns for specific securities and on the explained return (and, of course, on the portfolio weights). On the other hand, risk in the specific security is significant to the investor only as it affects portfolio risk. Hence it is tempting to identify risk in the ith security with the elements in the security that contribute to portfolio variance-the variance of the independent return 0,2 ("specific risk") and the variance of explained return b 2 a .2 ("market risk"). In what follows, we will occasionally yield to this temptation.
Let the fraction of the investor's capital devoted to the ith security be hi. Using symbols defined above, the one-period return on his portfolio is n n Zhixi-rAt (Zhi h 1 n n Z hi (yi + rAt) -rAt ( Z h1 ) (3) n rAt +-L h-jyj. i=l We note that, although there are three sources of return on the individual security-the riskless return, the explained return, and the independent return-only two of these are at stake in portfolio selection. Henceforth we shall ignore the first term in equation (3). Understanding the way in which portfolio mean and variance are influenced by selection decisions requires expansion of security return into all its elements. Excess return on the portfolio, expressed in terms of the individual securities held, is n n hibiym, + hizi.
Evidently we have only n degrees of freedom-the portfolio weights hi, with i -1, . . ., n-in selecting among n + 1 sources of return. Since the market asset can always be freely bought or sold to acquire an explicit position hmn in the market asset, when we take this into account we have for the excess portfolio return the expression ?b n (hm + Z hibi) ym + hizi.
It is obvious that availability of the market asset makes it possible to achieve any desired exposure to market risk, approximately independently of any decisions regarding desired exposure to independent returns on individual securities. In effect, we then have n + 1 mutually independent securities, where 
We take as our objective minimizing GP2 while holding [p fixed. We form the Lagrangian We see from (11) that the value of the multiplier X is given by
The optimum position hi in the ith security (i 1, . . ., n) is given by equation ( 
It was apparent in equation (5) that market risk enters the portfolio both in the form of an explicit investment in the market portfolio and implicitly in the selection of individual securities, the returns from which covary with the market. Equation (13) says "take positions in securities 1, .
, n purely on the basis of expected independent return and variance." The resulting exposure to market risk is disregarded. Equation (16) provides us with an expression for the optimal investment in an explicit market portfolio. This investment is designed to complement the market position accumulated in the course of taking positions in individual securities solely with regard to their independent returns. Under the assumptions of the Diagonal Model, position in the market follows the same rule as position in individual securities; but because market position is accumulated as a by-product of positions in individual securities, explicit investment in the market as a whole is limited to making up the difference between the optimal market position and the by-product accumulation (which may, of course, be negative, requiring an explicit position in the market that is short, rather than long). Equation (16) suggests that the optimal portfolio can usefully be thought of as two portfolios: (1) a portfolio assembled purely with regard for the means and variances of independent returns of specific securities and possessing an aggregate exposure to market risk quite incidental to this regard; and (2) an approximation to the market portfolio. Positions in the first portfolio are zero when appraisal premiums are zero. Since the special information on which expected independent returns are based typically propagates rapidly, becoming fully dis-counted by the market and eliminating the justification for positions based on this information, the first portfolio will tend to experience a significant amount of trading. Accordingly, we call it the "active portfolio." It is clear from equation (10) that changes in the investor's attitude' toward risk bearing (X), or in his market expectations (do), or in the degree of market risk (-m,2)-which, as we shall see, depends on how well he can forecast the market-have no effect on the proportions of the active portfolio.
The Capital Asset Pricing Model suggests that any premium for risk bearing will be associated with market, rather than specific risk. If investors in the aggregate are risk averse, then an investment in the market asset-explicit or implicit-offers a premium. We call this particular source of market premium "risk premium"-as opposed to "market premium" deriving from the investor's attempts to forecast fluctuations in the general market level. When all the appraisal premiums are zero, the optimal portfolio is therefore the market portfolio -even if the investor has no power to forecast the market. We shall call a portfolio devoid of specific risk "perfectly diversified." In other words, in our usage "perfect diversification" does not mean the absence of risk, nor does it mean an optimally balanced portfolio, except in the case of zero appraisal premiums.
In general, a given security may play two different roles simultaneously: (1) A temporary position based entirely on expected independent return (appraisal premium) and appraisal risk. As price fluctuates and the investor's information changes, the optimum position changes. (2) A position resulting purely from the fact that the security in question constitutes part of the market portfolio. The latter position changes as market expectations change but is virtually independent of expectations regarding independent return on the security. Hence we call the approximation to the market portfolio employed to achieve the desired level of systematic risk the "passive portfolio." The literal interpretation of equation (16) This is the result one would get by solving the Markowitz formula-tion, under the assumptions of the Diagonal Model, in the absence of constraints. But it is not a solution of much practical interest, because approximations to the market portfolio add very little additional specific risk while being vastly cheaper to acquire than an exact pro rata replica of the market.
A practical interpretation of equation (16) is that portfolio selection can be thought of as a three-stage process, in which the first stage is selection of an active portfolio to maximize the appraisal ratio, the second is blending the active portfolio with a suitable replica of the market portfolio to maximize the Sharpe ratio, and the third entails scaling positions in the combined portfolio up or down through lending or borrowing while preserving their proportions. Because the investor's attitude toward risk bearing comes into play at the third stage, and only at the third stage, a second-stage definition of "goodness" that disregards differences in attitude toward risk bearing from one investor to another is possible.5
THE SHARPE AND APPRAISAL R A T I O S
From equation (10) we have, for the optimal holdings, hi -X/(r/, where, for the optimal second-stage portfolio, we have It is easily shown by writing out the numerator and denominator, and then simplifying as in equation (19), that the second term of (19) is the ratio of appraisal premium, squared, to appraisal variance. This number is obviously invariant with respect to changes in the holdings in the active portfolio by a scale factor, hence of shifts in emphasis between the active and passive portfolios. It measures how far one has to depart from perfect diversification to obtain a given level of expected independent return. Because it summarizes the potential contribution of security appraisal to the portfolio, we call it the appraisal ratio.
Consider, for example, two portfolio managers with the same information about specific securities and the same skill in balancing exposure to specific returns. One can generate a larger appraisal premium than the other simply by taking large positions in specific securities (relative to the market). Hence appraisal premium (as, for example, measured by the Jensen performance measure)7 is not invariant with respect to such arbitrary changes in portfolio balance. The fact that the appraisal ratio is invariant with respect to such changes commends it as a measure of a portfolio manager's skill in gathering and using information specific to individual securities. If, in addition to the same information specific to individual securities, two portfolio managers have the same market expectations, then their scale of exposure to specific returns (relative to their market exposure) should, of course, also be the same, as implied by equation (16). But in performance measurement, it is not safe to assume that the optimal balance will be struck by every portfolio manager. (How well he adheres to the optimal balance between market and specific risk is certainly one aspect of performance. But it is an aspect quite distinct from how well he uses security analysis.)
The appraisal ratio has much to recommend it as a measure of potential fund performance, although it does not directly measure the utility of the overall portfolio to investors. If "aggressiveness" refers to the amount of market risk borne by a diversified fund, and "activity" refers to the amount of trading undertaken in optimizing the active portfolio, then the second stage (at which the active portfolio is balanced against the passive portfolio) determines the degree of activity in the risky portion of the fund, and the third stage (at which the active portion is mixed or levered to obtain the balance between expected return and risk which meets the investor's personal objectives) determines the aggressiveness of the overall fund.
What happens to the degree of portfolio diversification as (1 ) the number of securities considered is increased? (2) the number of securities considered is kept constant while the contribution to the appraisal 7. See n. 3. ratio of the average security is increased? Does the former improve the degree of diversification while the latter degrades it? We demonstrate below that the degree of diversification in an optimally balanced portfolio depends on these factors only as they influence the appraisal ratio. (It also depends on market ratio, but the latter is obviously independent of both the contribution to the appraisal ratio of the average security and the number of securities considered.) We also demonstrate that the higher the appraisal ratio (for a given market ratio) the less well diversified the resulting portfolio will be. In short, the more attractive incurring specific risk is relative to incurring market risk, the less well diversified an optimally balanced portfolio will be. Indeed, it is easily shown that at optimal balance we have appraisal premium appraisal variance appraisal ratio , The demonstration below actually applies to optimal (relative) holdings of any two assets whose specific returns are statistically independent. In particular, the "assets" consisting of the market, on one hand, and a weighted combination of independent returns, on the other, are statistically independent for any set of weights, including the optimal set. On the one hand, we have the contribution to the optimally balanced portfolio of market return, yen, with expectation } and variance 0m2. On the other hand, we have the contribution from optimally balanced returns z, . . ., Zn, with expectation Ala, defined by assigns to a security may be either greater or less than its present price. (Some analysts may be unwilling to assign a value to the security; they may be more comfortable giving a "buy" price and "sell" price, and we can take the point halfway between as their estimated value.)
The analyst then compares his appraisal with the current market price of the security. It is not important how discrepancies between the analyst's estimate and the market price are expressed. The important thing is that there be a significant correlation between the discrepancies and the subsequent actual returns. A portfolio manager can show good results consistently only if his analysts as a group are able to identify discrepancies that are significantly related to the subsequent actual independent return. If data are available for a series of time intervals one can regress independent returns on various securities for various time intervals against the discrepancies for those time intervals in order to determine the relation between the discrepancies and the actual returns.
The familiar two-variable regression model can be used to relate the expected independent return for the ith security to the analyst's current estimate ei of the discrepancy between market value and his own appraisal as follows:
%ifi(e1 + gO). (27)
It is possible for an analyst to be persistently bullish or bearish about the independent returns for his stocks. Or the analyst may be free from bias, but consistently overstate (or understate) independent returns, regardless of sign. The term gi corrects for any persistent upward or downward bias in the analyst's estimate, and the factor fi corrects for any tendency on the part of the analyst to be too "excitable"; that is, to estimate too high when his appraisal exceeds the current market value and too low when current market value exceeds his appraisal. The same factor can also serve to provide the necessary adjustment when the analyst is not "excitable" enough.
The expression fi(ei + gi) translates an estimate ei expressed as a percentage of current market value into ,ui. It is worth noting that a forecast of the independent return necessarily implies something about the expected rate at which the market price will adjust to eliminate the alleged discrepancy. Thus the forecast of independent return contains the time dimension, whereas the analyst's estimate of the discrepancy between his appraisal and the current market price does not.
The expected independent rate of return zi and the estimated discrepancy e.i are assumed to be distributed according to a bivariate normal distribution. The analyst's confidence that he rather than the market is right may vary from one point in time to another; nevertheless, in what follows, the parameters of the distribution are assumed to be stationary. (Since we are discussing an individual security we drop the subscript.) The variables z and e are characterized by variances, or their respective square roots s_ and s,. A third parameter is necessary to complete the specification of this distribution, namely the correlation coefficient p between the variables z and e. In composing the active portfolio we are interested in the conditional distribution of z given e, or zle. Unless an analyst is able to anticipate all the events affecting the price, hence the return, on a security, some portion of the independent return variance remains unexplained by his forecasts.
In terms of the parameters characterizing the joint normal distribution of e and z, equation (27) can be rewritten z p(i-) (e+g).
(28)
Regressing z against e, we get estimates of the slope coefficient p(S,/S,) and the constant term p(SI/S,)g.
It is important to look at the significance of the regression factors found. Normally data covering a number of intervals will be needed to show that any of the regression factors is significantly different from zero. Some of the deviations of the regression coefficients from zero will be due to sample error rather than an actual relation between analysts' estimates and independent returns.
We are also interested in the residual variance (i.e., that part of the total variance in the independent returns on a security not explained by the analyst's estimate). The amount of a security that should be held in the active portfolio depends not only on the independent return expected on the security but also on the residual variance of the independent return around its expected value. The variance -o2 of forecast errors between z and actual z is 0,2 =var [zle]
(1 -p2)SZ2.
We saw in equation ( and without specific reference to the forecasts obtaining at the beginning of each holding period. At the beginning of each holding period, expectations of independent returns are formed as described above. We continue to denote these expectations by a bar over the appropriate symbol: t. But now consider a longer-run expectation, based purely on the joint distribution of estimated and actual return, denoting the latter kind of expectations by E[ . . .]: We note that, since the expected value over time of (e + g) is zero (with g correcting for any bias in e), the expected value of (e + g)2 is given by In any forecasting problem, there are three kinds of variables: (1) the dependent variable (in this case, independent return); (2) one or more independent explanatory variables (in this case, the analyst's opinion, etc.); and (3) the expected value, or maximum-likelihood forecast of the dependent variable, based on knowledge of the independent variables. In the case considered in this section, the explanatory variable was the difference between the analyst's estimate of value and current price.
When (e) is treated as the discrepancy between current price and appraised value, then, however long a discrepancy has been outstanding, the fraction expected to be resolved in the next holding period is the same (or, equivalently, the probability of complete resolution in the next period is the same). The fraction to be resolved (or the probability of resolution) is independent of the scale of the discrepancy. No allowance is made for the possibility that the rate of resolution may depend in part on the kind of insight leading to identification of the discrepancy or on the source of the insight.
For any or all these reasons, the portfolio manager may prefer to supply his own approach to formulating forecasts of independent return. If (e) is interpreted as representing the explanatory variable upon which the forecast is based-whether derived by fundamental, technical, or other means-the regression model in which (e) appears (eq. [27]) is reduced to the less ambitious role of relating the explanatory variable, forecast, and actual return, without linking the forecasting process di-rectly to the determinations of the security analyst. The price of this decision is, of course, that the process by which the explanatory variable is generated then becomes a black box, determination of whose contents is outside the scope of the model presented here.
The fact that (e) is susceptible of the more general interpretation means, however, that the results regarding the role of the coefficient of determination p2 in portfolio selection are not limited to the model presented here, in which price discrepancy is itself the explanatory variable, but are in fact as general as the application to the forecasting problem of the regression model itself.
All the preceding comments on forecasting the independent return apply to forecasting the market return Yn.
S U M M A R Y
1. It is useful in balancing portfolios to distinguish between two sources of risk: market, or systematic risk on the one hand, and appraisal, or insurable risk on the other. In general it is not correct to assume that optimal balancing leads either to negligible levels of appraisal risk or to negligible levels of market risk.
2. Without any loss in generality, any portfolio can be thought of as having three parts: a riskless part, a highly diversified part (that is, virtually devoid of specific risk), and an active part which in general has in it both specific risk and market risk. The amount of market risk in the active portfolio is unimportant, so long as one has the option of increasing or reducing market risk via the passive portfolio. The overall portfolio can usually be improved by taking a long or short position in the market as a whole.
3. The rate at which a portfolio earns riskless interest is independent of how the portfolio is invested or whether or not the portfolio is levered and depends only on the current market value of the investor's equity. 4. The rate at which the portfolio earns risk premium depends only on the total amount of market risk undertaken and is independent of the size of the investor's equity and of the composition of his active portfolio.
5. Optimal selection in the active portfolio depends only on appraisal risk and appraisal premiums and not at all on market risk or market premium; nor on investor objectives as regards the relative importance to him of expected return versus risk; nor on the investment manager's expectations regarding the general market. Two managers with radically different expectations regarding the general market but the same specific information regarding individual securities will select active portfolios with the same relative proportions. (Here, as elsewhere in this paper, we ignore possible differences in the tax objective, liquidity considerations, etc.) 6. The appraisal ratio depends only on (a) the quality of security securities and his knowledge of current market prices. It is, of course, also necessary that he have a rational basis for estimating the Q,. If there is indeed a significant degree of comovement among securities, then his estimates must recognize this fact. In the equations which follow, r is the risk-free interest rate. 
It is clear that, in a dynamic equilibrium in which all investors evaluate new information simultaneously, A is the riskless rate and A,, + B is the expected excess return on the ith security. Once we abandon the assumption that all investors have the same information, it is no longer true that expected excess return on the ith security is proportional to B,. It is apparent that the values of Ai, i = 1, . . . , n, A,, 1 leading to a given set of expectations of the Ri are not uniquely determined by specifying expected returns for a set of securities. A set of values that implies that half the universe of securities are overpriced relative to the current market and half are underpriced, that is, the set for which I Mi(Ajr) O. 0,(A4) i we call market neutral. In order to eliminate the ambiguity, we shall assume henceforth the Ai are implicitly defined to be market neutral. Then Ai is the sum of the pure rate and expectation of a disequilibrium price movement, and A,,+1 is the expected excess return on the market. In the case in which an investor has special information on the ith security, Ai will differ from the equilibrium cent. The first, however, is a constraint on the independence of the Ci. The constraint conflicts slightly with Sharpe's own model, which postulated E[C, Cj] = 0 for all i d& j, and E[CiC,, +] = 0 for all i. The conflict arises from a confusion-possibly unintended or possibly intended-in the Diagonal Model between an underlying explanatory variable to which all securities are sensitive in greater or lesser degree, and a Market Index such as I M(R-r).
